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I n t r o d u c t i o n  

The adven t   o f   t he  GPS S a t e l l i t e   c o n s t e l l a t i o n  
makes a tomic   c locks   ava i l ab le   t o   any  one who has 
a rece ive r .   P roper   cha rac te r i za t i on   o f   bo th   t he  
c locks  and t h e   u s e r   l i n k s   i s   e s s e n t i a l   f o r  
o p t i m a l   e x t r a c t i o n   o f   t i m e  and  frequency (T&F) 
i n f o r m a t i o n .   I n   t h i s   p a p e r  we will consider  
b o t h  optimum T&F ex t rac t i on   f rom a s e t   o f  GPS 
data,   and  a lso some near  optimum  and  simple  data 
processing  techniques. 

We consider  three  simple  cases:  case A i s  what 
we c a l l   t h e  "common-view"  approach;  case B i s  
t h e   d i r e c t   v i e w i n g   o f  a s i n g l e   s a t e l l i t e   f o r  
sample  t imes  ranging  from a few  seconds t o  a few 
hours;  and  case C i s  v iewing a s i n g l e   s a t e l l i t e  
f o r  a few  minutes  each  day f o r   s e v e r a l  succes- 
s i v e  days. The common-view approach  has  been 
s tud ied   e lsewhere   ( l -3 ) ,   and  the   resu l ts  will be 
reviewed as t h e y   r e l a t e   t o   t h e  common-mode 
c a n c e l l a t i o n   o f   e r r o r s   w h i c h   o c c u r  when two  user 
s i t e s   v i e w   t h e  same s a t e l l i t e   f o r   t h e  same 
several   minutes  each  day,  and  then  subtract  
t h e i r   r e s u l t s   t o   g e t   t h e   t i m e   d i f f e r e n c e  between 
t h e   t w o   r e c e i v i n g   s i t e s .  I f  one of the  two 
r e c e i v i n g   s i t e s   i s  a pr imary T&F re fe rence  
s tandard ,   t hen   s ta te -o f - the -a r t   ca l i b ra t i ons   a re  
poss ib le .  Case B a l lows one t o  use  the GPS 
s i g n a l s  as a sho r t - te rm T&F r e f e r e n c e   t o  UTC(N6S) 
o r  UTC (USNO)--thus a l l o w i n g  one t o   c a l i b r a t e  
aga ins t  a pr imary  re ference  s tandard.  

A f t e r   c h a r a c t e r i z i n g   t h e   r e a l   d a t a   f o r   t h e  above 
three  cases, we develop  models  from  which we can 
des ign a Kalman f i l t e r .  We t h e n   t e s t   t h i s  
f i l t e r  on s imulated  data,  and  on some rea l   da ta .  
As we proceed i t  i s   u s e f u l   t o   r e v i e w  some d e f i n -  
i t i o n s   o f  terms so t h a t   t h e   l a n g u a g e   i s   c l e a r .  
Accuracy i s  de f i ned  as the  degree t o  which one 
can r e l a t e  a measurement t o  some a b s o l u t e   r e f e r -  
ence. S t a b i l i t y ,  on the   o the r  hand, i s   d e f i n e d  
as a measure o f   cons tancy - - t yp i ca l l y   ove r   se lec -  
ted  sampl ing  per iods.  We cons ider   bo th   the  
accuracy   and  the   s tab i l i t y   o f   t ime  and  f requency  
as w e l l  as the  Four ier   f requency ( f)  components 
o f   t h e   i n s t a b i l i t i e s   o f   t h e  GPS l i n k s  and  c locks 
i nvo l ved .  These i n s t a b i l i t i e s   o r   n o i s e   f l u c t u a -  
t i ons   a re   cha rac te r i zed   i n   t he   t ime-doma in   by  
U ( x )  and "modi f ied"  (T (t) diagrams (4,5). 
Tlese  no ise   f luc tua t ion?  appear   to  be we1 1 
charac ter ized   by   power - law  spec t ra l   dens i -  
t i e s ( 4 ) .  The " M o d i f i e d   A l l a n   v a r i a n c e "   i s  asso- 
c i a t e d   w i t h  a measurement  bandwidth  proportional 
t o   t h e   r e c i p r o c a l   o f   t h e  sample  t ime  for   which 

the   da ta   i s   t aken .   Th i s  sample t ime  (denoted I ) 
r e s u l t s   i n  a h i g h - f r e q u e n c y   c u t - o f f   f o r   t h e  
data. 

We use typ ica l   per fo rmance  fo r   the   mode ls   except  
i n  those  instances  where  there i s  a wide  range 
o f  performance. I n  which  case we use  both  the 
wors t  and bes t   case   s i t ua t i ons .  We do no t   dea l  
i n  any d e t a i l   w i t h   e r r o r   d e t e c t i o n  and  data 
r e j e c t i o n   f o r   t h i s   c o u l d  b e   t h e   t e x t   o f  a paper 
a l l  by i t s e l f .   R a t h e r  we have  chosen  reasonable 
r e j e c t i o n  and i n t e r p o l a t i o n   c r i t e r i a   i n   o r d e r   t o  
m i n i m i z e   d e l i t e r i o u s   e f f e c t s  on a proper  charac- 
t e r i z a t i o n .  The r e s u l t i n g   f i l t e r s   a r e ,   t h e r e -  
f o r e ,   a p p r o p r i a t e   f o r   w e l l  behaved  data. How- 
e v e r ,   i n t r i n s i c   t o   t h e i r  optimum or  near  optimum 
n a t u r e   i s   t h e   a b i l i t y   t o  do e r r o r   d e t e c t i o n  and 
d a t a   r e j e c t i o n .  

GPS LINK AND CLOCK  CHARACTERIZATION 

A. Case A: GPS i n  common-view o f  two   rece iv ing  
s i t e s .  

The r e s u l t s   o f  a previous  study  are  reviewed i n  
F igu re  1 showing  the GPS measurement limit us ing  
t h i s  common-view approach  averaged  across  four 
s a t e l l i t e s  and over   the  approx imate ly  3000 km 
baseline  between NBS-Boulder  and USNO. The r 
performance  of MOD U (r) ind i ca tes   wh i te   no i se  
phase  modulation(PM).Y The l e v e l   o f   t h e   n o i s e   i s  
such t h a t  MOD U (r=1 day)= lx10-13  for  xh=600s. 
The r e s u l t i n g  RMS t i m e   f l u c t u a t i o n s   a r e   a b o u t  
5ns.  Figure 1 compares t h e s e   r e s u l t s   w i t h  a 
"Range o f  pe r fo rmance   o f   s ta te -o f - the -a r t   s tan -  
d a r d s " ,   w i t h   t h e  NBS + USNO i n s t a b i l i t i e s ,  and 
w i t h   t h e   h i s t o r i c a l  Loran-C  comparison  method. 

The d a t a   i n d i c a t e   t h a t   t h i s   w h i t e   n o i s e  FM model 
i s   a p p l i c a b l e   o v e r   t h e   r a n g e   f r o m   a b o u t   r = l  day 
t o  about r = l   t o  2 weeks. Th is   no i se   l eve l  
a l l ows  one t o  measure a t   o r  beyond  state-of- the- 
a r t   l i m i t a t i o n s  imposed  by  the  standard. 

B.  Case B: D i r e c t   v i e w i n g   o f  a s i n g l e   s a t e l -  
l i t e   f o r  few minutes t < few  hours. 

The s t a b i l i t y   d a t a  shown i n   F i g u r e  2 i s  a t y p i -  
c a l  example using  an NBS/GPS r e c e i v e r   w i t h  an 
omni-antenna. I n   t h i s  case   t he   l eve l   o f   t he  
wh i te   no i se  PM i s  such t h a t  MOD U (x=15s)= 

-3/2 
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5 . 8 ~ 1 0 - ~ '   w i t h  th=15s.   Coinc identa l ly   the RMS 

t i m e  f l u c t u a t i o n s   r e s u l t i n g  f r o m  t h i s   c o n f i g u r -  
a t i on   a re   a l so  5ns.  Because T~ i s   s i g n i f i c a n t l y  
d i f f e r e n t   i n  case A and  case B these  noise 
l e v e l s   a r e   a l s o   q u i t e   d i f f e r e n t  and a r i s e  from 
d i f f e r e n t  mechanisms ( a   t o p i c   t h a t   c o u l d  occupy 
another  paper). One n o t i c e s   t h a t   f o r  r>1000s 
t h e   f l u c t u a t i o n s  appear t o  be b e t t e r  modeled  by 
the   spec t ra l   dens i t y - f f   t he  phase o r   t i m e   f l u c -  
t ua t i ons   go ing  as f ( f l i cke r   no i se   f requency  
modulat ion, FM). 

We conclude  that   averaging f o r  longer  than 1000s 
p r o v i d e s   l i t t l e   o r  no  improvement. The low 
f r e q u e n c y   f l u c t u a t i o n s   g e n e r a t i n g   t h e   f l i c k e r  
no ise FM spectra  are  probably  caused  by  iono- 
spher ic   and/or   t ropospher ic   de lay  f luc tuat ions.  

C. Case C: Viewing a s i n g l e   s a t e l l i t e  f o r  a 
few minutes  each day for   severa l   success ive 
days. 

The data were taken  f rom  the USNO Ser ies 4 
p u b l i c a t i o n   f o r  NAVSTAR 4, NAVSTAR 5 ,  and NAV- 
STAR 6 (Space Vehic le  8, 5, & 9 respec t i ve l y ) .  
One hundred  and  eighty  four days o f  data  were 
a n a l y z e d   s t a r t i n g   w i t h  10 Nov. 81. As  much  as 
23% o f   t h e  days w e r e  miss ing  f rom  the  publ ished 
v a l u e s .   I n t e r p o l a t e d   v a l u e s   w e r e   f i l l e d   i n   t o  
avo id   the   p rob lem  o f   m iss ing   da ta   in   the   ana ly -  
s i s .  Three  obvious  bad  points  were  rejected 
o v e r   t h e   f i r s t  100 days. The raw  values  with 
t h e   i n t e r p o l a t i o n s   a r e  shown i n   F i g u r e  3. There 
was obv ious ly  a r a t e  change i n   t h e  GPS c l o c k   a t  
d a t a   p o i n t  no. 109 o f  about 100 ns/day. 

I f  one l o o k s   a t   t h e   r e s i d u a l s ,   a f t e r   f i t t i n g  
l i n e a r   t r e n d s   t o   t h e   d a t a  some i n t e r e s t i n g  
r e s u l t s   a r e  seen. U s i n g   t h e   l a s t  74 days ( s ince  
no bad  data  po ints  had t o  be r e j e c t e d   f r o m   t h i s  
s e t )  we subtracted a l i n e a r   l e a s t   s q u a r e s   l i n e  
f rom  the UTC(USN0-MC) - GPS v i a  NAVSTAR 4 ,  5,  & 
6. The  mean slope removed  by t h e  1 i n e a r   l e a s t  
squares f i t  and the   res idua ls   a re  shown i n  
F igure 4. Not ice  that   the  peak- to-peak  dev ia-  
t i o n   i n   t h e  mean slopes removed was only  about 

4 ~ 1 0 - l ~ .  A l s o   n o t i c e   t h e   h i g h   c o r r e l a t i o n   i n  
the   long  t e r m  (as i t  should  be)  since each 
s a t e l l i t e   i s   b e i n g  used t o  deduce the   t ime 
di f ference  between  the same p a i r   o f   c l o c k s ,  
UTC(USN0-MC) - GPS. T h a t   i s ,   i n   l o n g - t e r m   t h e  
re la t i ve   c lock   no i se   p redomina tes .   I n   t he  day 
t o  day f luctuat ions,   however ,   these  uncorre la ted 
processes  probably   ar ise  f rom measurements made 
a t   v a r y i n g  t i m e s  o f  d a y ,   t h r o u g h   d i f f e r e n t   p a r t s  
o f   the   ionosphere ,   and/or   e r ro rs   in   sa te l  1 i t e s '  
ephemeris  and  up-load  values. We can  use t h e  
" th ree   co rne r   ha t "   rou t i ne   t o  deduce t h e   i n d i v i -  
dual  variances f o r  each o f   t h e   t h r e e   s a t e l   l i t e s  
and t h e i r   l i n k s .   F i g u r e  5 i s  such a s t a b i l i t y  
diagram. The no ise   l eve l  i s  h igher  and n o t  as 
w e l l  modeled as the  common-view case, b u t   s t i  11 
f o r  sample t imes  o f  a f e w  days the   wh i te   no ise  
PM model seems t o  be reasonable,  but  breaks down 

f o r  t o f   t h e   o r d e r  o f  1x10 S and longer .  The 
RMS t i m e  o r  phase f l uc tua t i ons   range  f r o m  about 
6ns t o   l l n s   f o r   t h e s e   d a t a .   F i g u r e  6 shows the  

6 

UTC(iJSN0-MC) vs. GPS v i a  NAVSTAR 5. Taking  the 
dj f ference  between  tbese vai-ian:es will g i v e   t h e  
sum o f   t h e   v a r i a n c e s   f o r   t h e  UTC(USN0-MC) and 
t h e  GPS c lock   p lus   t he   va r iance   f o r   t he   co r re -  
l a t e d   p o r t i o n   o f   t h e   n o i s e ,   w h i c h   i s   t h e n  an 
upper limit on the   c lock 's   no ise .   S ince  we have 
reasonable  conf idence  of   the  est imates f o r  1, 2, 
& 4 days we have c a l c u l a t e d  MOD U ( T )  f o r  these 
sample  times: Y 

12 .  2x1~-14, 7. o ~ ~ o - ~ ~ ,  4. o ~ ~ o - ~ ~  
respec t ive ly .   Th is   techn ique  g ives  a n i ce  way 
t o  compare t h e   s t a b i l i t i e s  o f  two  remote  stan- 
dards a t   t h e   p a r t s   i n  10  t o   t h e   1 4 t h   l e v e l .  

SIMULATION AND KALMAN FILTERS FOR GPS 

A.  S imulat ions 
Over t h e   p a s t  15 y e a r s ,   s c i e n t i s t s  have devel- 
oped r e l i a b l e   s t o c h a s t i c  models o f  c locks and 
o s c i l l a t o r s .  O f  course,  these  models  cannot 
replace  actual  data,  however,  they  can be  used 
t o   p r e d i c t   p e r f o r m a n c e  o f  complex  systems i n  
advance o f   c o n s t r u c t i o n .   F u r t h e r ,  so much 
r e l i a n c e  on these  models has developed,  that i f  
a model s h o u l d   a c t u a l l y   f a i l ,   t h e n   t h e   o p p o r t u -  
n i t y  t o  r e f i n e   t h e  models  would  be q u i t e   s i g n i -  
f i cant .  

The comp lex i t y   o f  many systems  poses  problems 
fo r   ana ly t i c   so lu t i ons   f o r   sys tem  pe r fo rmance .  
O f ten  one can become so g r e a t l y  enmeshed i n   t h e  
mathematics o f   a n a l y t i c   s o l u t i o n s   t h a t   t h e   r e a l  
problems become l o s t   i n  a fo res t   o f   equa t ions .  
O f  course ,   even  the   ana ly t i c   so lu t ions  depend  on 
model assumptions as much as the   s imu la t ions .  
The advantage o f  a n a l y t i c   s o l u t i o n s   i s   t h a t  
o f t e n   t h e i r   e x t e n s i o n   t o  new parameter  values i s  
very  s imple and  an  "exact"   solut ion i s  provided. 
I n   c o n t r a s t ,   s i m u l a t i o n s   u s i n g  Monte Car lo  
t r i a l s  can  use much computer  t ime  and  provide 
o n l y  an  approx imate  va lue.   Clear ly ,   both simu- 
l a t i o n s  and a n a l y t i c   s o l u t i o n s  have t h e i r  advan- 
tages. 

There i s  another   potent ia l   problem  wi th   computer  
s imulat ions  and Monte C a r l o   t r i a l s .  By v i r t u e  
o f   t h e  random character  o f  the  data,  one cou ld  
u s e   s t r o n g   s e l e c t i o n   c r i t e r i a  and i n f l u e n c e   t h e  
f i n d i n g s   b y   p r e s e n t i n g   n o n - r e p r e s e n t i v e   r e s u l t s .  
I n   t h i s   p a p e r ,  seed  numbers  were  chosen i n i t i a l -  
l y ,  and  used  throughout a l l   s i m u l a t i o n s .  As a 
fu r the r   sa fe -guard ,   t he   s imu la t i on   a lgo r i t hm i s  
inc luded  in   the   Append ix .  Thus a c r i t i c a l  
reader   can   ve r i f y   t he   resu l t s ,  and t e s t   t h e  
" representa t iveness"   o f   the   conc lus ions .  

B.  Stochast ic  Model 

For  t imes  longer  than a few  seconds,  commercial 
cesium beam c l o c k s   t y p i c a l l y   d i s p l a y   f r e q u e n c y  
f luctuat ions  which  can  be  modeied  wei l   w i th  
three  elements: 

1) White  noise FM. 
2) Random walk   no ise FM, and 
3) L inear   f requency   d r i f t .  
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It should be ment ioned  that   the  l inear   f requency 
d r i f t  modei tends t o  be more d i f f i c u l t   i n   p r a c -  
t i ce .   A l though one cou ld  add v a r i o u s   f a i l u r e  
modes t o   t h i s  model,  they will be  ignored  here. 
Fur ther ,   the  present   paper  i s  concerned  wi th 
s u f f i c i e n t l y   s h o r t   d u r a t i o n s   t h a t   t h e   t h i r d  
e l e m e n t ,   d r i f t .  will a l s o  be  ignored.  Thus, we 
are l e f t   w i t h  a two-element model f o r  t he   c lock :  
wh i te  FM. and random walk  FM. 
Mathemat i ca l l y ,   t h i s   can  be represented as the  
sum o f  two  processes: 

Ax', = E,, and 

where cn  and Q,, a re random, independent   var i -  

ab les   w i th   zero  mean, normal d i s t r i b u t i o n s ,  and 

var iances o f  U& and U r e s p e c t i v e l y ;  and A and 

A are   the  f i rst and  second d i f f e rence   ope ra to rs ,  
r e s p e c t i v e l y .  The c l o c k  model i s   t o t a l l y   r e p r e -  
sented  by  the sum o f  these  processes  given  by 

2 2 

2 rl 

X, = X '  + X",, o r  n 

The parameters, U and U a l o n g   w i t h   t h e   t i m e  
i n t e r v a l  between  Jata  samples, r o ,  a r e   t a k e n   t o  
have the   f o l l ow ing   va lues :  

Clock  type U& U 
rl rO 

Conventional 10 ns 3 ns 1 day 
ces i urn beam 

Opt ion 004 3 ns 1 ns 1 day 

(Note,   the  numer ica l   va lues  o f  U& and U a re  
dependent  on the  sample i n t e r v a l ,  lo. rl 

The Al lan  var iance  can be expressed as a func- 
t i o n   o f   t h e s e   p a r a m e t e r s   w i t h   t h e   f o l l o w i n g  
equation: 

0 

U' 
u2 (Nr,) = 7 & 

Y 
NtO 6NrL 

where N may take  on any  value. 
F igure 7 i s  a p l o t   o f   t h e  square   roo t   o f   t he  
A1 lan  Var iance deduced  from Eq. 2 and the  para-  
me te rs   g i ven   i n   t he  above t a b l e .   T h i s  model f o r  
t h e   s l a v e   c l o c k   ( r e l a t i v e  t o  whatever  master 
c lock   i s   be ing   re fe renced) ,   can   be   expressed  in  
t h e   f a m i l i a r  t e r m s  o f  Kalman F i l t e r s  (6). 

= [l 01 

Q = 6 '  0,3 

A little algebra  can  qu ick ly  show t h a t   t h i s  
Kalman  model i s   e x a c t l y   e q u i v a l e n t  t o  t h e   c l o c k  
model presented i n  Eq. (1). I n   a d d i t i o n   t o   t h e  
c lock  model,   the  noise o f  the  comparison 1 i n k  
must  be  modeled  also. The l i n k   n o i s e  appears t o  
be  random, u n c o r r e l a t e d   ( i . e . ,   w h i t e )  as  has 
been  found i n   t h e  measurements repo r ted  above. 
Fu tu re   exper imen ts   w i th   d i f f e ren t   base l i nes  and 
add i t iona l   da ta  may w e l l  r e f i n e   t h i s  model o f  
t he   compar i son   l i nk ,   bu t   f o r  now the   wh i te  phase 
model i s   i n  accord  wi th  observat ions.  Thus t h e  
Kalman  model i s  completed  by  introducing  the 
var iance o f  the measurement noise, R, accord ing 
t o   t h e   t a b l e  below: 

Comparison Mode Value R range 

Common View 5 ns 21 day 600 S 
(4  sate1 1 i tes )  

1 5  S 
One Sate1 1 i t e  5 ns t o  900s 1 5  S 

( s h o r t  t e r m )  

(t 2 1 day) 
One S a t e l l i t e  6-20 ns 21 day 600 S 

where rh i s   t he   rec ip roca l   so f tware   bandw id th  
(5). 

The computer  program  used i n   t h e   s i m u l a t i o n s  
can be found i n   t h e  Appendix. 

RESULTS AND COMPARISONS 

I n   s e c t i o n  I 1  we cha rac te r i zed   t he   no i se  
performance o f   t h e  GPS l i n k   f o r   t h e   t h r e e  
cases  under  consideration.  Along  with  the 
models  developed  from  these  characterizations 
we use as t y p i c a l   c l o c k  models  those shown i n  
F igu re  7 f o r  a standard  commercial  cesium  and 
f o r  a h igh  per formance  opt ion 004 cesium. 
Which c l o c k  model  one  uses, o f   course ,  depends 
on the   ac tua l  measurement c o n f i g u r a t i o n .  We 
s imu la ted   the   th ree  cases b e i n g   s t u d i e d   i n  
th i s   paper ,   bu t   t he   t heo ry   deve l  oped i s  appl i- 
c a b l e   t o  a much broader   set   o f   cases and 
c locks.  

I n  case A we simulated  the common-view l i n k  
noise. The s t a b i l i t y  o f  t h e   r e s u l t i n g  simu- 
la ted   l ink   no ise   p rocessed  by   the  Kalman 
filter i s  shown i n   F i g u r e  8, which i s   b e t t e r  
t h a n   s t a t e - o f - t h e - a r t   c l o c k s   f o r  sample t imes 
o f  a few  days  and longer .  Thus, f o r  a few 
days  and longer ,   the   osc i  1 l a t o r   n o i s e  predom- 
inates.  For  comparison  purposes  the  calcu- 
l a t e d   s t a b i l i t y   f r o m   r e a l   d a t a   u s i n g  a 10 day 
simple mean i s   i n d i c a t e d  by t h e   s o l i d  square. 
The excel lent   agreement i s   n o t   s u p r i s i n g  when 
one r e a l i z e s   t h a t   t h e  optimum est imate o f  a 
c o n s t a n t   b u r i e d   i n  a white  process i s   t h e  
simple mean. I n   p r a c t i c e  what i s  done i s  t o  
ca lcu la te   the   leas t   square  f i t  t o  t h e  t i m e  
d i f fe rences   over  a 10 day pe r iod ,  and the  
slope  then  gives a n e a r l y  optimum est imate o f  
the  f requency  di f ference  between  the  c locks i n  
the  presence  o f   whi te   no ise PM. The advantzge 
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of  the  Kalman output is that it  gives in real 
time a daily optimum estimate of  both the time 
and  the  frequency differences between the two 
remote clocks. 

For the same level of link noise (5ns RMS), 
Figures 9 and 10 show the  simulated time 
errors before  and after the  Kalman  update  as 
well as just after the Kalman  update for a 
standard cesium and for an option 004 cesium 
respectively. Figure 11 graphically illus- 
trates for a standard cesium the effects cf 
looking at the clock just before  update  and 
just after update as indicated by the 1 ight 
and dark open squares respectively. The 
Kalman  update stability values would,  of 
course, be  much closer together for the option 
004 cesium. 

For case B we simulated a standard cesium 
(comparable to those aboard the GPS satel- 
lites)  and  the 5ns link  noise. The purpose 
was to test the improvement gained by the 
Kalman filter. Figures 12 and 13 are the 
results of that simulation. One sees about a 
40dB improvement in stability for the  Kalman 
output at ~ 1 5 s .  In fact except for a small 
turn-on transient (not  shown)  the  Kalman 
filter output tracks nearly perfectly  the on 
board clock's time, and stability levels of a 
few in 10 to the 12 seem reasonably achie- 
vable. 

For case C we use the Kalman filter to process 
the  actual  data. Figure 14 is a plot of the 
residual  time differences between UTC(USN0-MC) 
- GPS via  NAVSTAR 5 both with and without the 

Kalman filter. It is obvious that  it acts 
like a low pass filter and one could design a 
simple recursive (exponential) filter to 
approach the Optimum. However, the number of 
lines of code are so few for the Kalman filter 
(as shown in the Appendix) that little would 
be gained. Figure 15 nicely illustrates this 
improvement in stability for sample times 
shorter than 10 days. At r=l day there is an 
11 dB improvement in stability using the 
Kalman fi 1 ter over the stabi 1 ity  of the raw 
data. 

From  the data studied in this paper, there are 
clear advantages in proper fi 1 tering. Despite 
the fact that the data studied is  not compre- 
hensive  and that the GPS receivers used were a 
1 imited set, one can sti 1 1  draw some reason- 
able and impressive conclusions. Table 1 is a 
summary  of the stability and accuracy ranges 
of F&T calibrations available using GPS for 
remote clocks within about 3000 km  of a pri- 
mary reference. 

CONCLUSIONS AND  FUTURE  WORK 

The advent of GPS has  produced a significant 
step forward i n  the accuracies and stabilities 
with which time and frequency can be compared 
at  remote  sites. With appropriate filtering 
of GPS data as  out1  ined  in  this  paper  one can 
compare and calibrate remote clocks at state- 

of-the-art accuracies for sample times of the 
order of a few days and longer; e.g., a few 
parts i n  10 to the 15 are achievable for 
averaging times of 10 days, and  time accur- 
acies of better than lOns have  been  verified. 
The cesium standards on  board GPS sate1 1 i tes 
may be  used  as accurate frequency  references 
at the  part in 10 to the 12 level.  Even for 
short-term measurements of about 10 minutes 
duration nearly the full  accuracy  of these 
on-board cesiums can be transferred using 
appropriate data filtering as outlined above. 

Future work will involve studies of world wide 
baselines leading  to better understanding o f  
the propogation medium's effects on GPS T&F 
measurements. Because the common-view ap- 
proach appears to work even better than ini- 
tially calculated, we  have  started some spe- 
cial  studies. Some of  the  data  indicates that 
there may be significant amounts of common-mode 
cancelation of errors due to a breathing 
effect working simultaneously across the 
ionosphere. This should  be  studied further. 
Stearable high  gain antennas would lead to 
better time stabilities and perhaps better 
accuracies as multipath problems are  reduced 
significantly. More accurate time transfers 
wi 11 result as people take advantage of the 
two frequencies radiated  from  the GPS satel- 
lites --giving a real time calibration of the 
ionosphere. The results of these research 
efforts suggest that the GPS system can sup- 
port world-wide time and frequency comparison 
accuracies approaching a nanosecond and 1 part 
in 10 to the 15 respectively. The key  ques- 
tions, o f  course are regarding the availabil- 
ity  of reasonably priced  commercial  receivers 
and continued access to the GPS constellation 
at full  accuracy. 
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APPENDIX 10-14 
Attached  are  two  copies o f  a computer  program 
( i n  "BASIC")  designed t o  (1) s imu la te   the   per -  
formance o f   t y p i c a l  cesium beam c locks ,  ( 2 )  
simulate  the  comparison  noise,  and (3) operate 
on the   s imu la ted  measurements with a Kalman 
F i l t e r   t o   o b t a i n  an  optimum  estimate o f   t h e  
c l o c k ' s   t i m e .  The c o n s t a n t s   l i s t e d   i n   t h e  
program  are  chosen t o   s i m u l a t e  an average com- 10-16 
mercial   cesium  c lock.  The u n i t s   a r e  i n  nano- lo' 105 108 lo7 
seconds  and t h e   t i m e   i n t e r v a l   i s  one  day. S a W 8 T i m e S  T W 
Other  values o f  t h e   s a m p l i n g   i n t e r v a l   r e q u i r e  
d i f fe ren t   numer ica l   va lues   fo r   the   s igmas.  Figure 1 

The data   used  fo r   the  Kalman F i l t e r   c o r r e s -  -Q 
ponds t o   t h e   d a t a   w h i c h   m i g h t   a c t u a l l y  be 
a v a i l a b l e   i n  a r e a l   s i t u a t i o n .   W i t h i n   t h e  
program,  however, t h e   " t r u e "   t i m e   i s  known 
Thus it i s   p o s s i b l e   t o   e v a l u a t e   t h e   a b s o l u t e  
performance o f   t h e   F i l t e r   o p e r a t i n g  on  the 
s imulated  data.  A s l i g h t   m o d i f i c a t i o n  o f  t h i s  9 -le' 
program was used w i t h   r e a l   d a t a  as r e p o r t e d   i n  t, 
t h e   t e x t .  

The f i r s t  copy o f   the   p rogram has  numerous 
remarks  (prefaced  by I'REM") t o   a i d   i n   t h e  4 -11. 
understanding  of   the  program. These "REMarks" 
are  ignored  by  the  operat ing  program. The 
second  vers ion  o f   the  program i s  i d e n t i c a l   t o  
t h e   f i r s t ,   e x c e p t   t h a t   a l l  remarks  have  been 
de le ted   and  the   s teps  renumbered. The second 
v e r s i o n  was inc luded  to   demonst ra te  how s imple -l$ 
t h e  Kalman F i l t e r  (which i s   o n l y  a p a r t   o f   t h e  
program)  can r e a l l y  be. 
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COMPUTER  FROGRAM 

L I S T  1.499 

~ C I C )  REM T H I S  FROGHAM S I M U L A T E S  
105 REM  THE  GFS  SATELL ITES,  
1 1 0  REM  F'ROFOGATI ON N O I S E .  AND 
1 1 5  REM  THE  SLAVE CLOCt::. 
1.20 REM  THE  SLAVE CLUCt. IS 
125 REM  CORRECTED  BY  THE  USE 
13C1 REM  OF A K A L M A N   F I L T E R .  
135 REM 
140 REM 
:CI(:I REM  SET  CONSTANTS 
202 REM UNITS:   NANOSEC  %DAYS 
"(115 F' = F(ND ( -. 13. 3371 ) 
207 REM  SEED  FOR  RAND NO. 
21C1 S E  = 10: HEM  WHITE  FM 
21 5 SN = 3: REM RANDOM  WALK F M  
220 S = 5: REM W H l T E   F H A S E  
22; REM I N I T I A L   C O N D I T I O N S  
225 X = 5 O C l O :  REM T I  ME  ERROR 
370 Y = - 10: H E M   F R E D   B I A S  
L - . J  A = 2 E 7 :   R E M   T I M E   V A R I A N C E  07c 

L _ I  . 

240 C = 1E4: REM  FREL!  VARIANCE 
2SCI FiEM 
260 REM 
3 C 1 C )  FOR N = 1 TO 3 O C I  
305 HEM  S IMULATE 300 DAYS 

315 REM 
40C1 REM  SIMULATE  CESIUM  BEAM 
4(55 GOSUB 1 0 0 0 :  REM  RANDOM  NO. 

-7 L. l C) REM 

I N  F' 
41!l X = X + Y + S E  * F: GOSUH 1 0 0  

Cl 

4 15 Y = Y + SN * F: GOSUB 10(:~0 
420 Z = S t F: REM LINK N O I S E  
43(:1 REM 
440 REM 
45Cl HE11 CHLCULATE  CUVAR  MATRlX-  

451 REM 
452 HEM ( A  B )  
452. REM F- = ( ) 

454 HEM ( B  C )  
455 REM 
456 REM 
460 A = A + 2 1: H + C f SE ... 2 
465 B = B + C:C = C + SN .''. 2 
470 HEM  FORECAST X 1-, AND Y 1- 
475 x 1  = x 1  + Y 1 : Y l  = Y 1  
48Cl REM 
485 REM 

c -  .JW.I - REM  COMPUTE  MEASUREMENT 

505 E = X + 2 - X 1 :  REM  CLOCK + 
LINE - FORECFIST 

507 REM 
510 REM THE  QUANTITY X - X 1  
511 REM I S  THE  FORECAST ERROR. 
512 REM I T  IS ALSO  THE  ERROR 
51.1, REM  JUST  BEFORE  CORRECTION 
520 REM 
530 REM 
6CKI REM  UPDATE  COVAR  MATRIX+ 
605 U1 = A:UZ = H:H = A + S Y S 
615 REM  KALMAN  GAIN t::. 
62!:1 = U1 / R:C:2 = U2 / R 
625 A = A - L11 1 t::1 
630 B = B - U1 t K2 
635 C = C - U2 t 1.:2 
637 REM 
6 3 H  REM 
639 REM ( A  B )  
640 REM F+- = ( 1 
641 REM ( B  C )  
642 REM 
643 REM 
650 REM  UPDATE X l + , Y l +  
655 X 1  = X 1  + K 1  Y E 
660 Y 1  = Y l  + C 2  * E 
670 HEM 
68Cl REM 
700 REM THE TIME  ERROR 
702 REM IS T H E   D I F F E R E N C E  
704 REM  BETWEEN  ACTUAL 
705 REM  CLOCK, X I AND 
707 REM  THE  KALMAN  ESTIMATE X 1 
710 P R I N T  N, X - X 1  
7 2 0  NEXT N 
1000 REM  RANDOM  NUMBER EEN 
1005 HEM  ZERO  MEAN, U N I T  VAR 
1 ( 3  l Cl P = Cl 
102O FOR J = l TO 6 
1 C130 F = P + RND ( 1  ) - RND ( 1 )  
1C140 NEXT J 
1 Cl5CI RETURN 
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